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a b s t r a c t

The standard approach to vibrational control applies first-order averaging methods to find an open-
loop periodic input that stabilizes an unstable equilibrium point. While the capability of stabilization
without feedback is appealing, this formulation has drawbacks from a design perspective. An alternative
design framework based on stability maps for second-order linear periodic systems is not as general, but
has significant potential advantages. The averaging approach only guarantees that a solution exists; the
designer must then find that solution by other means. Furthermore, the frequencies required may be
too high for practical implementation. Use of stability maps makes a broader class of stabilizing inputs
accessible, allowing, for example, the use of lower frequency signals. Application to nonlinear and higher-
order systems is demonstratedwith twoexamples. The first is stabilization of the classical vertically forced
inverted pendulum. The second is delay of a pitchfork bifurcation in a fourth-order nonlinear system. In
the second examplewe show that the averaging-based approach necessarily fails to delay the bifurcation,
while the alternative method achieves significant extension of the stable operating region.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Vibrational control is a method for stabilizing an unstable equi-
librium point using periodic open-loop inputs of appropriate fre-
quency and amplitude. The possibility of stabilization without
feedback is especially appealing for systems with limited sens-
ing and/or actuation, or with many degrees of freedom. The use
of an open-loop periodic input as an explicit control strategy was
first presented by Meerkov in 1980 for linear time-varying sys-
tems, with applications to control of distributed chemical pro-
cesses (Meerkov, 1980). This influential paper cited results from
averaging theory to support its main theorems. A series of pa-
pers by Bentsman, Bellman, and Meerkov further extended the
use of averaging methods (Bellman, Bentsman, & Meerkov, 1985,
1986; Bentsman, 1987; Meerkov, 1982). Baillieul and co-workers
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adapted averaging methods to a geometric framework, and ex-
tended vibrational control to conservative systems (Baillieul, 2008;
Weibul & Baillieul, 1997, 1998; Weibul, Kaper, & Baillieul, 1997).
Nonaka and Baillieul and co-workers applied averaging-based
vibrational control to electromagnetic and electrostatic actua-
tors, including applications to microsystems (Nonaka, Baillieul, &
Horenstein, 2001; Nonaka, Sakai, & Baillieul, 2004; Nonaka, Sugi-
moto, & Baillieul, 2004; Sugimoto, Nonaka, & Horenstein, 2005).

Averaging methods address approximation of solutions of a
time-varying system by solutions to an averaged autonomous
system (Sanders, Verhulst, & Murdock, 2007). Averaging meth-
ods continue to be an active area of research for oscillatory con-
trol of Lagrangian and Hamiltonian systems, along with more
general nonlinear and geometric formulations (Bombrun & Pomet,
2013; Bullo, 2002; Dimeo & Thompoulos, 1994; Hong, Lee, &
Lee, 1998; Martinez, Cortes, & Bullo, 2003; Sanyal, Bloch, & Har-
ris McClamroch, 2005; Tahmasian, Taha, & Woolsey, 2013; Teel,
Peuteman, & Aeyels, 1999; Vela & Burdick, 2003a,b,c). Further
extensions include application of higher-order averaging and se-
ries expansion methods for nonlinear systems. Strong connections
have been made between averaging theory and linear and non-
linear Floquet theory (Vela, 2003). These topics are beyond the
scope of the present paper, which is intended to provide insight
into limitations of the standard averaging approach to vibrational
control, and to suggest an alternative design framework that may
bypass these limitations. Subsequently this paper considers only
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first-order averagingmethods to determine the stability of an equi-
librium point.

Broadly speaking, the first step in the standard approach to vi-
brational control is to show that the stability of an equilibrium
point at the origin of a time-varying system ẋ = ϵf (t/ϵ, x) is equiv-
alent to stability of an equilibrium at the origin of a time-invariant
averaged system ẏ = F(y) when the parameter ϵ is sufficiently
small. Formally, this involves showing the existence of a threshold
value ϵ⋆ such that the system is stable for all ϵ ∈ [0, ϵ⋆]. A control
term is often introduced with the form (1/ϵ)φ(t/ϵ, x), where φ is
periodic in its first argument. In this context the parameter ϵ may
be replaced by 1/ω where ω is interpreted as the frequency of the
forcing, and stability properties are obtained for ω ∈ [ω⋆, ∞). Av-
eraging methods provide sufficient conditions for the existence of
the threshold value, however the theorems typically used do not
provide a value for ω⋆. To use the averaging results for control, one
first stabilizes the averaged system and then explores increasing
ω by other means – such as simulation – until the original time-
varying system becomes stable.

While averaging provides a powerful analytical framework, the
lack of an explicit value for the threshold frequency is inconvenient
for design, and the resulting stabilizing input frequency may be
impractically high for implementation. Furthermore, as is shown
subsequently, the threshold frequency will itself vary depending
on the specific way in which the control term is initially specified,
and the standard approach offers no guidance for making an ad-
vantageous choice. It is also shown below that the first stable re-
sponse in an increasing frequency sweep may not correspond to
ω⋆, potentially misleading a designer and resulting in instability
for a higher frequency input. On the other hand, the results pre-
sented subsequently also show that inputs that do not satisfy the
condition for averaged stability may be acceptable – even prefer-
able – for control. Such inputs are not accessible from the averag-
ing framework. In short, the examples show that the condition for
average stability is neither necessary nor sufficient for stability of
the original system at a particular input frequency, nor does the
condition provide explicit guidance for the choice of a stabilizing
frequency. These examples suggest that there are potential bene-
fits to applying methods of vibrational control that do not directly
rely on averaging theory.

Stabilization using open-loop oscillatory excitation has a long
history outside the control community, andwhile averagingmeth-
ods are often used, other techniques have also proven effective.
Perhaps the oldest and best known example of stabilization by
oscillatory excitation is the inverted simple pendulum forced by
periodic vertical base motion. In 1908, A. Stephenson used peri-
odic series solutions to analyze stability of a linearized version of
this system. That result was restricted to small base motions and
high forcing frequencies (Stephenson, 1908). In 1951, P.L. Kapitza
used an averaged potential approach to analyze the stability of
the nonlinear system, also in the limiting case of high-frequency,
small-amplitude base oscillation (Kapitza, 1951, 1965). For sinu-
soidal forcing, the linearized equations of motion of the vertically
forced pendulum become Mathieu’s equation (Jordan & Smith,
2007; Magnus & Winkler, 1979). Mathieu’s equation contains two
parameters, and the dependence of the stability of the system on
the value of these parameters has been the subject of extensive
study. Mathieu’s equation is a special case of the 2nd-order linear
periodic differential equation called Hill’s equation. The stability
map for Hill’s equation, sometimes called an Ince–Strutt diagram,
shows the regions of unstable and stable systems in the parameter
space. These stability maps are often used to graphically illustrate
the behavior of the Mathieu and Hill equations, but their applica-
tion to control is less common. However the information available
from the stability map is more comprehensive than the informa-
tion provided by first-order averaging, making these diagrams po-
tentially powerful tools for design. Subsequently we interpret the
averaging approach in the context of the stability map, and show
that direct use of the stability map can avoid drawbacks of first-
order averaging methods.

Use of the stability map for control design can be extended
to nonlinear and higher-order systems using Lyapunov’s indirect
method. This is illustrated below with two examples. The first
highlights the ability of the proposedmethod to obtain a stabilizing
input of arbitrary period on the classical vertically forced inverted
pendulum. The second is control of a pitchfork bifurcation arising
in a fourth-order systemmodeling an electrostatic MEMS actuator
(Wickramasinghe & Berg, 2012a,b, 2013a). In this case averaging
methods are inherently incapable of extending the region of sta-
ble operation of the actuator, whereas the approach based on the
stability map succeeds.

A specific example of direct use of the stability map for control
of higher-order systems can be found in Acheson (1993), where
the approach is used to stabilize an inverted N-pendulum. Second-
order, linear stability maps are the standard tool for design of
quadrupole mass filters and quadrupole ion traps (Douglas, 2009;
Hart-Smith & Blanksby, 2012; Lee et al., 2013; Titov, 1998). The
successful practical application of second-order linear stability re-
sults to these complex system suggests a broader role for these re-
sults in control design. In other control-relatedwork, Insperger has
analyzed stability of PD control for a time-delayed inverted pen-
dulum using stability maps (Insperger, 2011). Finally, the Mathieu
and Hill equations arise in models of numerous other physics and
engineering applications. These are too many to survey here, but a
sampling may be found in McLachlan (1947).

The rest of this paper is organized as follows: Section 2 reviews
the results for stability of the Hill and Mathieu equations, includ-
ing generation of stability maps for the inputs considered subse-
quently. Section 3 applies averaging theory to Hill’s equation, and
examines the result using the stabilitymap. This framework clearly
shows the potential drawbacks of the averaging framework, and
suggests that direct use of the stability mapmay avoid these prob-
lems. Section 4 shows how the stability map for Hill’s equation
may be used for design, for example, for stabilization by a con-
trol input of specified frequency. Section 5 discusses extension to
nonlinear and higher-order systems, and presents two motivating
examples. Finally, Section 6 presents conclusions and directions for
future work.

Preliminary versions of some results from this paper appeared
in Berg andWickramasinghe (2013) andWickramasinghe and Berg
(2013b).

2. Stability of Hill’s equation

Consider the second-order linear periodic system ÿ + 2ζΩ ẏ +
−Ω2

+ u(t)

y = 0 with damping ratio ζ ≥ 0 and periodic,

zero-mean, forcing function u(t + T ) = u(t). For use with aver-
aging methods it is convenient to give the input the form u(t) =

ωB1φ(ωt), where φ(ξ) is a zero-mean function with period 2π ,
hence

ÿ + 2ζΩ ẏ +

−Ω2

+ ωB1φ(ωt)

y = 0. (1)

The stability of (1) may be studied by transformation to Hill’s equa-
tion. First the damping term is eliminated by coordinate transfor-
mation (Magnus & Winkler, 1979)

y(t) = e−ζΩtz(t) (2)

to obtain

z̈ +

−Ω2

ζ + ωB1φ(ωt)

z = 0 (3)

where Ωζ , Ω

1 + ζ 2. Applying time scaling τ = ωt yields the

standard form of Hill’s equation (Magnus & Winkler, 1979),

z ′′
+ [α + βφ(τ)]z = 0, (4)



74 J.M. Berg, I.P.M. Wickramasinghe / Automatica 58 (2015) 72–81
Fig. 1. Stability maps for the (a) undamped Mathieu equation, and (b) undamped
Hill equation with bilevel forcing with η = 0.5. Shaded regions indicate stability.
Systems along the α-axis, that is with the forcing amplitude β equal to zero, are
stable for α > 0 and unstable for α ≤ 0. In both plots, red dash–dot curves show
the conditions for high-frequency stabilization discussed in Section 3. As the figures
makes clear, satisfying the condition for high frequency stability does notmean that
a point (α, β) is itself stable. The leftmost stable region is labeled S0; additional
regions are labeled S1, S2 , etc.

Fig. 2. Stability diagrams for the undamped Mathieu equation and the undamped
Hill equationwith bilevel forcing equalwithη = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8,
and 0.9. For clarity, only the first stable subregion is shown for each map.

where z ′ denotes differentiation of z with respect to τ , and α and
β have values

α = −Ω2
ζ /ω2 (5)

β = B1/ω. (6)

In this paper we are primarily concerned with stabilizing unstable
equilibria. From (2), if (4) is stable then (1)must also be stable. If (4)
is unstable, then stability of (1) depends on the amount of natural
damping in the original system.

Subsequently we consider only two choices for the periodic
function φ(ξ) in (1). The first is harmonic forcing, φ(ξ) = cos ξ , in
which case (4) becomesMathieu’s equation (Jordan&Smith, 2007).
The second is the following family of bilevel, zero-mean functions
with period 2π , parametrized by duty cycle η ∈ (0, 1):

φη(ξ) =
1

√
2

·


−


η′/η for 0 ≤ ξ < 2ηπ

η/η′ for 2ηπ ≤ ξ < 2π
(7)

where η′ , 1 − η and the amplitude is chosen so that
(1/2π)

 2π
0 φ2(ξ)dξ = 1/2. For η equal to 0 or 1, the input signal

is a constant. Because the input must have a mean of zero, φ0(t) =

φ1(t) = 0, for all t ≥ t0. The function φη is used in place of φ in (4).
The parameters α and β are defined by (4) as above. Subsequently,
various choices for η ∈ (0, 1) are investigated individually.

2.1. Stability maps

The stability of (4) is visualized graphically using stability
maps, as shown in Fig. 1. These maps show the (α, β)-plane
with points corresponding to stable systems shaded, and points
corresponding to unstable systems unshaded. Stability does not
imply asymptotic stability, and for the undamped system the origin
is never asymptotically stable. Systems in the right half-plane are
stable in the absence of periodic forcing, butmay be destabilized by
appropriate periodic input. The focus of this paper is on the shaded
regions in the left half-plane, corresponding to nominally unstable
systems stabilized by vibrational control. We refer to the leftmost
stable subregion, labeled ‘‘S0’’ in Fig. 1, as the first stable region.

Here, stable regions for Mathieu’s equation are numerically
approximated using Hill’s determinant (Jordan & Smith, 2007). The
boundaries of the stable regions correspond to solutions of the ODE
with period π and 2π . Substitution a Fourier series solution into
Mathieu’s equation yields an infinite tridiagonal matrix equation
for the coefficients. Hill’s determinant is the determinant of this
infinitematrix,whose zero level setmarks the stability boundaries.
The calculations in this paper are performed on a 5000 × 5000
grid in (α, β) space, with Hill’s determinant approximated using
a 10 × 10 submatrix. The zero level set is drawn using the
MatlabTM contour function.

The stability map for the input φη(τ ), is also numerically ap-
proximated. The complete state-transition matrix may be assem-
bled from two constant input solutions. Given

ÿ − Ψ 2
1 y = 0 for 0 ≤ t < 2πη

ÿ + Ψ 2
2 y = 0 for 2πη ≤ t < 2π

(8)

where Ψ 2
1 = (η′/η)β − α and Ψ 2

2 = α + β , state-transition ma-
trices for each time interval are given by

Φ1(t, τ ) =


cosh[Ψ1(t − τ)] 1

Ψ1
sinh[Ψ1(t − τ)]

Ψ1 sinh[Ψ1(t − τ)] cosh[Ψ1(t − τ)]


, (9)

Φ2(t, τ ) =


cos[Ψ2(t − τ)] 1

Ψ2
sin[Ψ2(t − τ)]

−Ψ2 sin[Ψ2(t − τ)] cos[Ψ2(t − τ)]


, (10)

and the monodromy matrix is
Φ(2π) = Φ2(2π, 2πη)Φ1(2πη, 0). (11)
The composite system is stable if and only if all eigenvalues of
Φ(2π)– called the characteristicmultipliers – havemagnitude less
than or equal to one. By direct computation, the characteristicmul-
tipliers are γ ±


γ 2 − 1, where

γ , cosh(2πηΨ1) cos(2πη′Ψ2)

+
1
2


Ψ1
Ψ2

−
Ψ2
Ψ1


sinh(2πηΨ1) sin(2πη′Ψ2). (12)

It follows that the system is stable if and only if γ 2
≤ 1. Fig. 1(b)

shows the zero contour of 1 − γ 2 on a 5, 000 × 5, 000 grid for
η = 0.5, also computed using the MatlabTM function contour.
Fig. 2 compares the nominally unstable region of the stability map
for values of η from 0.1 to 0.9 along with Mathieu’s equation. Fig. 3
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shows the system time responses for the undampedMathieu equa-
tion, corresponding to selected points from the stability diagram.

3. Vibrational control by averaging

In this section we apply the standard vibrational control
approach by averaging to stabilize Hill’s equation using harmonic
and bilevel constant forcing. The following result is based on a
theoremof Baillieul (2008). Given a certain formof the input signal,
it provides a strict inequality that, if satisfied, guarantees that the
forced system is stable for inputs of sufficiently high frequency.
Specifically, it guarantees the existence of a threshold frequency
such that all input signals at frequencies above that threshold will
be stabilizing. However, the value of the threshold is not known.

While not a part of the theorem as stated in Baillieul (2008),
it is straightforward and useful to show that if the complementary
strict inequality is satisfied, then there exists a threshold frequency
such that all input signals at frequencies above the threshold will
be destabilizing.

Lemma 1 (Condition for High-Frequency Stability). Given (1) define

v(t) ,

 t

0
φ(ξ)dξ (13)

v̄ ,
1
T

 T

0
v(ξ) dξ (14)

σ ,
1
T

 T

0
v2(ξ) dξ . (15)

Then,
(1) If Ω and B1 satisfy

σ − v̄2 B2
1 > Ω2 (16)

there exists ω⋆ such that the origin will be stable (in the sense
of Lyapunov) for all ω > ω⋆. If ζ > 0, the origin will be
exponentially stable.

(2) If Ω and B1 satisfy
σ − v̄2 B2

1 < Ω2 (17)

there existsω⋆ such that the origin will be unstable for allω > ω⋆.
Proof. For Part 1 with ζ = 0 (respectively, ζ > 0) this is a special
case of Theorem 3 (respectively, Theorem 2) of Baillieul (2008). For
Part 2 apply Theorem 4.1.1 of Guckenheimer and Holmes (1985)
following Section 3 of Bellman et al. (1985).

From Lemma 1, omitting only the special case

σ − v̄2


B2
1 = Ω2,

every system of form (1) has a threshold frequency, above which
inputs of the specified form must all either stabilize or destabilize
the origin. Therefore we refer to (16) as the condition for high-
frequency stability, and we refer to the corresponding ω⋆ as the
threshold stability frequency.

To apply Lemma 1 to stabilize a system of form (1) with a given
φ(ξ) and Ω , first choose B1 satisfying (16). Then choose an initial
ω0, and increase it until the forced system is stable.

Remark 1. If (16) is satisfied, then there is guaranteed to be a
stabilizing input, because the forcing frequency may be increased
until it exceeds the high-frequency stability threshold. However,
as we will see, there may be multiple intervals of stability and
instability before the threshold is reached. Therefore just because
a stabilizing frequency is found does not mean that the threshold
has been reached.

For φ(ξ) = cos ξ, v̄ = 0 and σ = 1/2, therefore σ − v̄2
= 1/2

and the condition for high-frequency stability is B2
1 > 2Ω2. For

φ(ξ) = φη(ξ), the condition for high-frequency stability becomes
B2
1 > 6Ω2/(π2ηη′).
a

b

Fig. 3. (a) Stability diagram for the undampedMathieu equation. The red dash–dot
curve shows the condition for high-frequency stabilization. Time responses for the
three marked cases are shown in (b). In each case, α = −0.2. The three simulations
show β = 0.66 (green circle/green dashed curve), β = 0.73 (blue star/blue solid
curve), β = 0.83 (red square/red dash–dot). All of these cases satisfy the condition
for high frequency stability, therefore they all must be stable for a sufficiently high
input frequency. However, only one is stable for the nominal value of ω = 1.

3.1. Families parametrized by input frequency

Given a system (1) characterized by Ωζ , with a periodic input
specified by B1 and function φ(ξ), we wish to characterize the
stability of the family of systems that may be obtained by varying
the input frequency. This is conveniently visualized as a curve
in the (α, β)-plane. Eliminate ω from (5)–(6) to obtain β2

=

−(B2
1/Ω

2
ζ )α. In the averaging approach one first chooses B1 to

satisfy the condition for high frequency stability, and then varies
ω to find a stable system. Thus the curve

β =

B1/Ωζ

 √
−α (18)

represents all systems accessible by the averaging approach for a
given choice of B1. From (5) we see that higher frequencies corre-
spond to smaller values of α. Subsequently we compare the condi-
tion for high frequency stability, B2

1 = Ω2
ζ /(σ − v̄2), the curve

β =


−(σ − v̄2)α (19)

and the stability map for various forms of the input signal to better
understand the averaging approach.

3.2. Numerical results

We apply the standard vibrational control method to a lightly
damped Hill’s equation, with Ω2

= 2.5 and ζ = 10−6, using
bilevel inputs with η = 0.1 Fig. 4 shows the results in the
(α, β)-plane for various initial choices of B1. The results are also
summarized in Table 1. The α value at the boundary of the
stability region is found from maps such as the one shown in
Fig. 4 using the MatlabTM data cursor. Damping is neglected when
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Table 1
Threshold frequencies found by frequency sweep for η = 0.1.

Ω2 η B1,min B1 ω⋆,map ω⋆,sim ω⋆ ·B1

2.5 0.1 4.11 4.4 14.3 14.3 62.9
2.5 0.1 4.11 6.0 2.94 2.94 17.6
2.5 0.1 4.11 7.5 4.97 4.95 37.1
2.5 0.1 4.11 9.0 6.93 6.92 62.3
2.5 0.1 4.11 11.76 9.93 9.92 117.0
2.5 0.1 4.11 14.0 12.2 12.2 171.0

Table 2
Threshold frequencies found by frequency sweep for η = 0.9.

Ω2 η B1,min B1 ω⋆,map ω⋆,sim ω⋆ ·B1

2.5 0.9 4.11 3.0 – – –
2.5 0.9 4.11 3.5 – – –
2.5 0.9 4.11 4.4 4.77 4.76 20.9
2.5 0.9 4.11 6.0 7.48 7.49 44.9
2.5 0.9 4.11 9.0 12.1 12.1 108.0
2.5 0.9 4.11 14.0 19.3 19.3 270.0

Fig. 4. Averaging approach to vibrational control represented in the (α, β)-plane.
Stabilitymap is forη = 0.1. Damping is neglected. The condition for high-frequency
stability (19) is the dotted red curve. The dash–dot blue curves correspond to (18)
for Ω2

= 2.5 and B1 = 4.4 (•), 6.0 (�), 7.5 (+), 9.0 (∗), 11.76 (◦), and 14.0 (�).

computing the maps. The threshold frequency ω⋆,map is computed
as ω⋆ =

√
−α. The value ω⋆,sim is determined by simulation

using the MatlabTM function ode45 for 10,000 periods of the
forcing frequency, or until the amplitude of the response exceeds
10,000 times the initial amplitude. Table 1 also gives theminimum
guaranteed stabilizing amplitude, ω⋆B1.

The results illustrate several problems that can arise with the
averaging method. First the frequency thresholds vary by almost
a factor of five, depending on the initial choice for B1. There is no
evident systematic way to choose B1; the two values that give the
largest thresholds are the ones closest to and furthest from B1,min.
Furthermore, the curves generated by the frequency sweep may
move in and out of the stable region. For B1 = 14 the curve enters
the second stable region for a substantial frequency interval, while
for B1 = 11.76 the initial point with ω = 1 rad/s is stable. That is,
just because the forced system is stable does not mean that the
threshold has been reached. There is no clear test to determine
when the threshold actually has been reached. Finally, there are
stable systems that are not accessible to the averaging approach
because they are not above the frequency threshold. For example,
the stable region marked by a star on the B1 = 7.5 curve in Fig. 4
corresponds to a frequency interval of 1.88–2.01 rad/s. This choice
gives a lower input frequency and amplitude than any found for
a controller satisfying the condition for high frequency stability,
and therefore could be considered a better design. By comparison,
the stabilizing inputs obtained by averaging tend to the circled
high frequency and small amplitude region near the origin of the
(α, β)-plane.
a

b

Fig. 5. Averaging approach to vibrational control represented in the (α, β)-plane.
Stabilitymap is forη = 0.9. Damping is neglected. The condition for high-frequency
stability (19) is the dotted red curve. The dash–dot blue curves correspond to (18)
for Ω2

= 2.5 and B1 = 3.0 (•), 3.5 (�), 4.4 (+), 6.0 (∗), 9.0 (◦), and 14.0 (�).
Detail (b) shows that the curves that do not satisfy the condition for high-frequency
stability become unstable at high frequency, although they may be stable at lower
frequency.

Next we consider averaging design for the case η = 0.9. The
condition for high-frequency stability is the same as the previ-
ous case, however the stability map is quite different. Fig. 5 shows
that portions of the stable region lie below the condition for high-
frequency stability. That is, it is possible to find an input that is
stabilizing at low frequency, but becomes destabilizing at high fre-
quency. These inputs are inherently inaccessible to an averaging-
based approach.

Table 2 summarizes the results. This example also illustrates
potential problemswith the averaging approach. Again, the thresh-
old frequencies vary by up to a factor of four, depending on the
choice of B1. Stabilizing solutions that do not satisfy the sufficient
condition (16) will not be found by the averaging method, though
these may have attractive features for control. The interval of the
B1 = 3.5 curve marked by a star in Fig. 5(b) stabilizes the sys-
tem for the frequency interval 2.70–4.23 rad/s. Theminimum input
amplitude in this interval amplitude is 9.45. Both input frequency
and input amplitude are lower than any obtained by averaging, and
therefore this could be considered a superior design.

4. Vibrational control using the stability map

The preceding section showed that design using averaging
methods may miss useful features that are evident from the
stability map, allowing, for example, stabilization with a lower
frequency input. The following theorem presents a stabilizing
procedure based on the stability map to allow stabilization with
an input of arbitrary frequency.

Theorem 2. Consider the Hill equation (1), where ζ ≥ 0. Let φ(ξ) =

cos ξ or φ(ξ) = φη(ξ) and choose any desired input frequency, ωd.
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Then the following procedure yields B1 such that the origin will be
stable for input u(t) = ωdB1φ(ωdt). For ζ = 0, the origin will
be stable in the sense of Lyapunov. For ζ > 0, the origin will be
exponentially stable.
(1) Define Ωζ as in (3).
(2) Set αd = −Ω2

ζ /ω2
d .

(3) Use the stability map corresponding to the input φ to choose βd
so that (αd, βd) lies in the stable region.

(4) Set B1 = ωdβd.

Proof. For ζ = 0, apply the time-scaling t = ωdτ to (1) to obtain
(4). For ζ > 0, the damped system (1) is exponentially stable if the
transformed undamped system (3) is stable. The procedure finds
B1 so that (3) is stable with forcing frequency ωd. However ωd and
B1 are not affected by transformation (2). Therefore these values
will make the original system exponentially stable.

This procedure directly yields the stabilizing control u(t) =

ωdB1φ(ωdt) for any desiredωd. However it apparently applies only
to Hill’s equation. The next section presents a generalization that
applies to a broader range of nonlinear and higher-order systems.

5. Vibrational control by linearization

Themethod of the previous section extends to a class of second-
order nonlinear systems through Lyapunov’s indirect method for
nonautonomous differential equations. Consider the system

ẋ = f (t, x). (20)

Point x̄ is said to be an equilibrium point of (20) if f (t, x̄) = 0 for all
t ≥ t0. Define A(t) , ∂ f (t, x)/∂x|x=x̄ and denote the remainder by
f1(t, x) , f (t, x) − A(t)x. The time-varying linear system

ż = A(t)z (21)

is called the linearization of (20) at x̄ if

lim
∥x−x̄∥→0

sup
t≥t0

∥f1(t, x)∥/∥x − x̄∥ = 0. (22)

Lemma 3 (Theorem 5.41 of Sastry, 1999). Consider a system in
form (20). Let x̄ be an equilibrium point of (20), and let A(t) be the
linearization of (20) at x̄ satisfying condition (22). Further, assume
that A(t) is bounded. Then, if 0 is a uniformly asymptotically stable
equilibriumpoint of (21), x̄ is a locally uniformly asymptotically stable
equilibrium point of (20).

Proof. The result follows directly from Theorem 5.41 of Sastry
(1999) by shifting the point x̄ to the origin.

The following examples illustrate the use of this theorem to apply
stability maps for Hill’s equation to nonlinear systems.

5.1. The vertically forced inverted pendulum

The motion of an inverted simple pendulum with length L and
support point driven vertically with acceleration u(t) is modeled
by

θ̈ + 2ζΩ θ̇ +

−Ω2

+ (1/L)u(t)

sin θ = 0 (23)

where θ = 0 is the upward-pointing equilibrium and Ω2
= g/L is

the natural frequency of the pendulum for its downward-pointing
equilibrium. Set u(t)/L = ωB1φ(ωt) to obtain

θ̈ + 2ζΩ θ̇ +

−Ω2

+ ωB1φ(ωt)

sin θ = 0. (24)

It is straightforward to verify that (22) is satisfied for (24) for every
periodic andboundedφ(ξ). Then the linearization of (24) is (1), and
so by Lemma 3, if we find B1 and ω such that (1) is exponentially
stable, then the origin will be a (locally) exponentially stable
equilibrium of (24).
a

b

Fig. 6. Simulation results for Kapitza pendulum. (a) Bilevel controller with η =

0.1, B1 = 7.5, ω = 1.90. Initial displacement is 0.17 rad. (b) Bilevel controller with
η = 0.9, B1 = 3.5, ω = 3.47. Initial displacement is 0.09 rad. The damping ratio is
ζ = 0.01.

We can directly stabilize the linear system using the stability
diagrams in Figs. 4 and 5, respectively. Choose input frequencies
in the center of the ranges found in the previous section, B1 =

7.5, ωd = 1.9 rad/s for η = 0.1, and B1 = 3.5, ωd = 3.47 rad/s
for η = 0.9. We neglect ζ in the design phase, but set ζ = 0.01
for simulation of the controlled systems. Fig. 6 shows simulation
results for the nonlinear system.

5.2. The side pull-in bifurcation

The following equations are a simplified model of a planar
electrostatic MEMS comb-drive actuator:

ẍ + 2ζxγ ẋ + γ 2x = γ 2u2, (25)

ÿ + 2ζyẏ + y =


y

1 − y2


u2. (26)

Here x is the axial displacement, corresponding to the desired
actuation direction, and y is the off-axis lateral displacement,
which ideally is identically zero. The parameter γ > 0 is the
ratio of stiffness in the actuation direction to stiffness in the lateral
direction; the mechanical design of such devices is such that γ is
much less than one. In (25)–(26) the axial and lateral dynamics
are coupled only through the control input u, while in the actual
device there is also nonlinear coupling through the states. However
this simplified model displays the behavior salient to oscillatory
stabilization.

We consider a mode of operation in which x takes a desired
constant value, x̄, while y remains at 0. In this paper we assume
that the desired x values are non-negative, and so that the squaring
of u does not limit the operational range. In practice an opposing
actuator is added to allow bidirectional operation. Denote the
maximum achievable x̄ by X̄ , and denote the interval [0, X̄) as the
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operating range of the device. We show below that for constant
input ū, X̄ is limited by the onset of instability in the lateral
direction. The control objective of this paper is to extend the travel
range of the MEMS comb-drive actuator – that is, to increase X̄
beyond the value achievable with constant input – by applying a
non-constant, periodic u(t).

Considering only the axial dynamics, any non-negative x̄ can be
obtained using constant control input ū, with value given by the
equilibrium condition

ū =
√
x̄. (27)

It is convenient to parametrize the system by x̄, giving the lateral
equilibrium condition
1 − ȳ2


ȳ = x̄ȳ. (28)

Therefore the desired lateral operating point ȳ0 = 0 satisfies the
equilibrium condition for all values of x̄. When x̄ < 1 there are two
additional equilibria at ȳ+, ȳ− = ±

√
1 − x̄. The three equilibria

coincide when x̄ = 1.
The linearization of the lateral dynamics (26) around equilib-

rium point (x̄, ȳ) is

δ̈y + 2ζyδ̇y +


1 −


1 + ȳ2


x̄

1 − ȳ2
2


δy =

2ȳ
√
x̄

1 − ȳ2
δu. (29)

From (29) we find that the equilibrium ȳ = 0 is stable if x̄ < 1 and
unstable if x̄ > 1. Direct analysis of the nonlinear system reveals
that when x̄ = 1, ȳ = 0 is unstable. Furthermore (29) shows that
the equilibria ȳ+ and ȳ− are unstable for 0 < x̄ < 1. Therefore the
equilibrium structure of the lateral dynamics (26) is a subcritical
pitchfork with bifurcation point x̄⋆

= 1. If the actuator is driven
to the bifurcation point, the movable electrode will snap to the
stationary drive electrode, typically rendering the device unusable.
This is the side pull-in instability, and it limits the stable operating
range of (25)–(26) with constant control input ū to x̄ ∈ (0, x̄⋆).

Eq. (29) is uncontrollable for all ȳ = 0, and unstable for x̄ > x̄⋆.
Therefore it is not possible to stabilize an equilibrium (x̄, 0) with
x̄ > x̄⋆ using smooth feedback (Sontag, 1998). Lateral position
feedback to control side pull-in has been demonstrated, but this
required the addition of lateral sensors and actuators (Borovic,
Lewis, Liu, Kolesar, & Popa, 2006).

We now consider whether there is a periodic u(t) such that the
point (x̄, 0) is a stable equilibrium of (25)–(26) for x̄ > x̄⋆. Write
the control as a time-varying parameter,

ÿ + 2ζyẏ + y =


y

1 − y2


u2(t). (30)

In the form of (20) the equations become,

d
dt


x1
x2


=

 x2

−x1 +


x1

1 − x21


u2(t) − 2ζyx2

 . (31)

It is clear that the point x̄ = [0, 0]T satisfies f (x̄, t) ≡ 0 for all
t ≥ 0. Furthermore, with

A(t) =


0 1

−1 + u2(t) −2ζy


(32)

the remainder is f1(x, t) = [0, x31u
2(t)/(1 − x21)]

T , and so (22)
is satisfied. Finally, if u(t) is bounded then A(t) is also bounded.
Thus, by Lemma 3, the (local) uniform asymptotic stability of the
nonlinear lateral dynamics is equivalent to the uniform asymptotic
stability of

ÿ + 2ζyẏ + y = u2(t)y. (33)
Fig. 7. Design of a sinusoidal open-loop control signal to extend the operat-
ing range of (25)–(26). The lines correspond to desired operating points of x̄ =

1.25, 1.5, 1.75, 2.0, 2.25. Choosing (α, β) as (−0.118, 0.590), (−0.301, 0.904),
(−0.549, 1.282), (−0.860, 1.720), (−1.233, 2.219), respectively, places the de-
sired operating point in the stability region. Evidently the accuracy with which the
frequency must be implemented increases as the amount of travel extension in-
creases.

As previously discussed, since stabilizing the system is the goal, it
suffices to consider the case ζy = 0,

ÿ + y = u2(t)y. (34)

Consider first the case of sinusoidal forcing. Let

u(t) =
√
2x̄ sin (ωt/2) , (35)

yielding u(t)2 = 2x̄ sin2 
ωt
2


= x̄ − x̄ cosωt . Then (25) and (34)

become, respectively,

ẍ + γ 2x = γ 2x̄ − γ 2x̄ cosωt, (36)

ÿ + (1 − x̄ + x̄ cosωt) y = 0. (37)

By superposition the constant portion of the x-displacement is x̄ as
desired. To reduce the ripple due to the sinusoidal component, γ
should be much less than ω. However this is not a requirement for
stability.

Vibrational control of the side pull-in bifurcation requires
finding ω given a desired x̄ > x̄⋆ so that ȳ = 0 is a stable
equilibrium of (34). We first show that the averaging method
necessarily fails to find a stabilizing input for (37) beyond the side
pull-in point.

Let Ω2
= x̄ − 1 for x̄ >= 1. Let B1 = x̄/ω. Then for any

fixed Ω and x̄ > 1, B1 must eventually satisfy (17), or B2
1 < 2Ω2.

When x̄ = 1, the condition B2
1 > 2Ω2

= 0 is always satisfied.
Thus the only achievement of vibrational control by averaging for
this problem is to stabilize the original pull-in point. However no
meaningful extension of the stable operating range is achieved.

In contrast, a significant increase in stable x̄ may be achieved
using the stability map. Applying time scaling τ = ωt to (37) we
obtain Mathieu’s equation with

α = (1 − x̄)/ω2 (38)

β = x̄/ω2. (39)

Eqs. (38) and (39) imply

β =
x̄

1 − x̄
α. (40)

Proceed as follows:
(1) Chose a desired operating point x̄.
(2) Superimpose the line β = {x̄/(1 − x̄)} α on the (α, β) plane.
(3) Choose a point (α∗, β∗) from the intersection of this line with

the stable region.
(4) Find the desired ω =

√
x̄/β∗.
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a b
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Fig. 8. Simulation results for travel extension ofMEMS actuatormodel. Nominally side pull-in occurs at x̄ = 1. Plots show simulations of (25)–(26) using theMatlabTM ode45
function corresponding to x̄ = 1.5, 1.75, 2.0, and 2.25. Input frequency is ω = 1.2881, 1.1684, 1.0783, and 1.0070 rad/s, respectively. Initial y-displacement is 0.1, 0.1, 0.05
and 0.01, respectively for the four cases. Initial x-displacement is 1.1x̄, 1.1x̄, 1.05x̄ and 1.01x̄, respectively. System parameters used are ζx = ζy = 0.01 and γ = 0.01.
Operation at x̄ is achieved on average, since there will be a
persistent ripple in x(t)due to the oscillatoryu(t). The amplitude of
this ripple decreases as the frequency of the input increases, since
the axial dynamics act as a low-pass filter. A general discussion
of the design trade-off between frequency, axial ripple, and the
structural parameter γ is beyond the scope of this paper.

Fig. 7 shows the lines representing travel extension of x̄ =

1.25, 1.5, 1.75, 2.0, and 2.25, with corresponding choices of
(α∗, β∗) for stability. The resulting input frequencies are ω =

1.4556, 1.2881, 1.1684, 1.0783, and 1.0070 rad/s, respectively. It
can be seen that a large travel extension is possible, but that in-
creasingly precise specification of the signal frequency and ampli-
tude is required as x̄ increases. Van der Pol and Strutt show that
the boundaries of the stable region for α < 0 are always above line
β = −α, and approach a slope of −1 as α → −∞ (van der Pol &
Strutt, 1928). In principle, this implies that any desired travel ex-
tension is achievable, because for any x̄ > 1, −x̄/(1 − x̄) > 1, and
so the line β = {x̄/(1 − x̄)} α will eventually cross a stable region.
However the region of intersection may be too small to practically
implement.

Fig. 7 also gives a graphical interpretation to why the averaging
method fails for this problem. For any choice of x̄ > 1, the line
β = αx̄/(1 − x̄) leaves the stable region for sufficiently small α,
that is, for sufficiently large ω. Therefore stabilization of a system
with x̄ > 1 at arbitrarily high frequency is impossible.
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Fig. 8(a)–(h) are simulations of (25)–(26) for the cases x̄ =

1.5, 1.75, 2.0, and 2.25, showing the ability of the vibrational
control signal to stabilize the desired operating point. Because the
system (25)–(26) is nonlinear, boundedness of the response may
depend on the initial condition. In fact we find that the region of
attraction decreases as the amount of travel extension is increased.
In the simulation results shown, the assumed stiffness ratio γ is
0.01. The oscillation observable in x(t) is at the corresponding
axial natural frequency of 0.01 rad/s, and is entirely due to the
initial displacement and the small value of structural damping. The
lowest frequency input considered is higher than the axial natural
frequency by a factor of 100, that is, 2 decades. Thus the expected
attenuation due to the second-order lowpass characteristic will be
about 80 dB, that is, a factor of 104. Thus for this stiffness ratio
and initial displacements, axial ripple is too small to be seen in the
simulation response.

To design a stabilizing controller based on the bilevel constant
stability map, assume a control of the form

u(t) =

x̄ + B0φη(ωt) (41)

where for u(t) to be defined at all t , the forcing amplitudemust sat-
isfy B0 ≤ x̄

√
2η/η′. Choose B0 = x̄

√
2η/η′. Then the approximate

y-dynamics become

ÿ +


1 − x̄ − x̄


2η
η′ φη(ωt)


y = 0. (42)

This is Hill’s equation with bilevel forcing and

α = (1 − x̄)/ω2

β =


2η
η′ x̄/ω2.

The procedure is exactly as before, except the stability map for a
particular choice of φη is used instead of the map for Mathieu’s
equation, and the equation of the intersecting lines is

β =


2η
η′


x̄

1 − x̄


α. (43)

6. Conclusions

An alternative to averaging methods for vibrational control
design of second-order systems is presented. This method is based
on direct application of the stability map of the linearization of the
equations. Themethod is less general than the averaging approach
but, when it can be applied, it offers significant advantages. The
input signal is chosen for the ability to stabilize the system at
some frequency, rather than restricting attention to inputs that are
stabilizing for all sufficiently high frequencies. Therefore a broader
range of stabilizing inputs is available to the designer. In particular,
the proposed approachmay allow stabilizationwith a significantly
lower frequency signal.

While developed from Floquet theory for second-order linear
systems, two examples illustrate how themethod can be applied to
higher-order andnonlinear systems. Nonlinear systems are treated
through linearization and application of Lyapunov’s indirect
method. Higher-order systems, such as the MEMS comb-drive
instability model treated above, may be handled if the unstable
dynamics are second-order. The comb-drive bifurcation problem
is also notable because every sinusoidal input giving a nontrivial
travel extension is destabilizing at high frequency. Therefore none
of the solutions found by the stabilitymapmethod could have been
found using averaging.

The proposed method is graphical, based on manipulations of
the stability map for Hill’s equation. There are well-known and
efficient numerical methods for generating stability maps for the
classes of periodic input functions considered here. However it
would be of interest to consider amore comprehensive selection of
such functions. Also of interestwould be away tomake themethod
more robust against uncertainty. One way to do this might be to
exploit the quantitative differences in the unstable behavior when
one is above or below a stable region, to adapt the input frequency
and/or amplitude.
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